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Abstract. This paper concerns with the construction of a Mehler-Fock type integral transform 
for a function defined in the interval (O,o) with Q < ?r, involving associated Legendre fnnc- 
tions. The degree of the associated Legendre function appears as the integration variable in 
the inversion formula, while its order remains fixed. 
1. INTRODUCTION 
Mehler-Fock integral transforms involve associated Legendre functions as kernels. In the 
inversion formula the order of the Legendre function appears as the integration variable 
while its degree remains as a fixed integer. In this note we construct a Mehler-Fock type 
integral transform for a function f(0) defined in (0,a) (0 < (Y < T) wherein the degree 
of the Legendre function appears as the integration variable in the inversion formula. A 
somewhat similar type of integral transform, together with its inverse, was first developed 
by Mandal [1] for a function defined in (0, n). Lebedev and Skal’skaya [2] later gave the 
conditions which a function must satisfy in order that its integral representation related to 
this transform exists. Here the transform formula together with its inverse is constructed 
from the solution of a certain boundary value problem (BVP) using the idea due to Naylor 
[3] who constructed a Mellin type integral transform for a function defined in the finite 
interval (0, a). 
2. CONSTRUCTION OF THE INTEGRAL TRANSFORM 
We consider the following BVP described by 
(V2 + HZ) 21(P, 8, (0) = 0, O<T<OO, o<e<ff, o<~p<p, 
u=O onlJ=O,cr, (2.1) 
u=h(r,e) oncp=O, and u = 0 on Q = P, 
where h(r, 0) is a prescribed function of T and 8. We use the Kontorovich-Lebedev transform 
in the form of (cf. [4]) 
"(Y&Q) = 
J 
~(5 8, Q) f- ‘I2 H?)(h) dr, 
0 
having the inverse 
U(T, e, Q) = -i 
J 
v P-~‘~ Jv(kr) V(V; e, Q) dv. 
-kc 
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Then v satisfies the BVP described by 
1 a &J 
-- 
sin0 80 ( > 
sine- + 
ae 
1 f3%J -- 
sin29 dp2 
+ 6; 
( > 
v = 0, O<B<cr, o<e<p, 
v=o on ~9 = 0, (Y, 
v = f(e) on ‘p = 0 
v=o on cp = A 
where f(B) is the Kontorovich-Lebedev transform of h(r, 0). We now let 
P 
de) = J v(y;e,cp) sirrAp+, where X = !!-!! P’ 
0 
(2.2) 
and 
(2.3) 
so that 
v = $2 qe) sirrAp. 
n=l 
Then from (2.2) we find that v,,(e) satisfies 
Following Friedman [5], the Green’s function G(0, 0’) corresponding to (2.4), with boundary 
conditions G = 0 on 0 = 0 and cr, is given by 
G(e, et) = - 
r (&+A) I? (;+v+A) 
-[ 
P--:/z+“(- CA p_ 
P--;,2+” (cos a> 
--:j2+u~~0~~~p_~,2+y~~0~~‘~ 
(2.5) 
- P$2+U(cos e)p_;xl,+y(cos et) 1 for e < 8’ =M(A) - M2(X),w, 
where the meaning of the notations MI and M2 is obvious. For 0 > 0’, 0 and 0’ are to be 
interchanged. 
Now we prove that G(fJ,fY) has the integral representation given by 
G(e, et) = & J Wl(4 - M2W cr dcr pz-x2 ’ for 0 c 8’ and 0 > 0’, (2.6) 
L 
where L is the path Rep = c, parallel to the imaginary axis in the complex p-plane and 
0 < c < A. To prove this we first consider the integral 
(2.7) 
For large 1~1, the integrand in 11 vanishes for both B < 0’ and 0 > 0’, so that by closing 
the contour on the right side by a large semicircular arc and noting the simple pole of the 
integrand, we find 
11 = Ml(A) for e < 8’ and 0 > 0’. (2.8) 
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Again, for the integral 
we note that the integrand vanishes for 6 > 6’ as Rep + co, so that closing the contour on 
the right side, we find as in I1 that 
12 = M2(X), for 0 > 8’. (2.9) 
To show that (2.9) also holds for 0 < 0’, we write for convenience 12 E A(6,6’). Since the 
integrand in 12, i.e., A(O,O’), h as no singularity between the imaginary axis and the line 
Rep = c, we can take c = 0. Then we have 
iw 
A(0, 0’) - A(#, 0) = 
J 
Q(c~)& 
where a(p) is the difference of the integrsnds in A(B, 0’) and A(O’, 0). It is obvious that a(p) 
is an odd function of /J so that 
iw 
J 
4~) dcl = 0, 
-ice 
and hence, A(d,d’) = A(#, 8). Thus (2.9) holds also for 0 < 8’, and hence the integral 
representation (2.6) holds for both 0 > 8’ and 0 < 8’. 
Now the solution of (2.4) is 
IIn = -A a f(6)) G(B,fY) -&. 
J 
0 
Using (2.6) this gives 
where 
(I 
F(P) = 
Jl 
p-_~,2+y(- cos a) 
P-p 
0 
_I,2+v(cosa) ~:$,+v(cos~) - P--~,~+~(-cos~) I f(e) sindo. (2.10) 
Utilizing (2.3) we find 
C+iW 
4e,P) = & 
J 
SW - (PIP 
c-i03 
r(4-~+~)r(a+~+~,~~~,,+,(cose) sinP~ P F(P) do. 
Again, using the boundary condition that u(e,O) = j(e), we obtain 
c+icn 
f(e) = & J r (3 - v + P) r (3 + v + P) Kf,2+y (~0s~) P F(P) dp. 
c-i00 
(2.11) 
Thus (2.10) and (2.11) constitute the required transform formula with its inverse for the 
function p(0) defined in (0,cr). 
If we now make Q = a, we recover the integral transform with its inverse, as given by 
Mandal [l], and the expansion theorem in [2] (after writing c = 0). 
32 B.N. MANDAL, P.G. ROY 
3. AN EXAMPLE 
Taking f(13) = (sin O)“, where Y = -4 + in, and using the above transform formula we 
find the following expansion for (sin 0)” as 
27(1+ V) c+roo 
(she)” = 2ni 
J 
r($ -V+P)r($ +Y+II)P;~(cose)--& 
e-ioo 
x [ 
P,-Cr(CoSQ) ~-“(COS(Y)P;_$(COSQ) - P;“(coscqJ;-l(-coscr) 
P,-“(-coso) ” 1 dp 
using a result in [6]. 
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